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This note characterizes the denseness of rational systems

%—l(alﬁ ooy an) = { n P(x)

= Pez ¢ (=12,
k=1 (x—ag)

in C[ —1, 1], where the nonreal poles in {a,} £_; = C\[ —1, 1] are paired by complex
conjugation. This extends an Achiezer’s result.  © 1999 Academic Press
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1. INTRODUCTION

We let

P(x)

P S ly) EA T,
w13 = ) {zz_1|x—ak|

Pe,@m} (1.1)

with {a,}7_, = C\[ —1, 1], where 2, is the set of all real algebraic polyno-
mials of degree at most m. It is easy to see that 2,(a,, ..., a,) is a linear space
and Z,(ay, .., a,) = Pyla,, .., a,) for m < M. We define the numbers {c,}%_,
by

—1
Crtcy

a, = 7 lex| < 1. (1.2)

When all the poles {a,};_, are real and distinct, 2,_,(ay, a,, .., a,) is
simply the real span of the following system

{ 1 Lo } xe[—1,17. (1.3)

x—a, x—a, x—a,
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With respect to the denseness of span{1/(x—a;)}_,, the following
well-known result is due to Achiezer [ 1, Problem 7, p. 2547:

AcHIEZER THEOREM. Let {ay}7_, <R\[—1,1] be distinct. Then
span{1/(x —ay)} £, is dense in C[ —1, 1] if and only if

Z (1 —cg|) = 0.

Recently, Borwein and Erdélyi [3] also proved this by using entirely
different methods.

Note that #,_,(a,, .., a,) is still a real rational space when the nonreal
poles form complex conjugate pairs, moreover, [[;_, |x—a;| can be
replaced by [17_; (x —ay). So, it is natural to ask whether we can extend
Achiezer’s Theorem to the case: the repeated poles are allowed and the
nonreal elements in {a,} ;°_; = C\[ —1, 1] are paired by complex conjugation.

In this note, we consider this question and give an affirmative answer.
More precisely, we have

THEOREM 1.1.  Let the nonreal elements in {a,} 7_, = C\[ —1, 1] be paired
by complex conjugation. Then {#,_\(a, .., a,)} are dense in C[ —1,1] if
and only if

Z (1 —|cx|)= 0. (L4)
k=1

2. PROOF OF THEOREM 1.1

Our proof of Theorem 1.1 is mainly based on the Chebyshev polyno-
mials with respect to #(ay,..,a,) constructed recently by Borwein,
Erdélyi, and Zhang [4]. The explicit formulae for the Chebyshev polyno-
mials for the system #,(a,, a,, ..., a,) are implicitly contained in Achiezer
[1] provided that {a.};_; =R\[—1,1] are distinct. It should be
mentioned that they [4] allow repeated poles and nonreal poles in this
system, in which the nonreal poles form complex conjugate pairs (cf. [4]).
We use T,(x) to denote the Chebyshev polynomial of the first kind with
respect to #(a,, d,, ..., a,). For convenience, we include its construction
here.

Let

M) =( 11 e -a (- ck>>m, (1)
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where the square root is defined so that M *(z) =z"M,(z~") is analytic in
a neighbourhood of the closed unit disk, and let

_ M2
fn(Z) ._ZnMn(Z_l). (22)
Then the Chebyshev polynomial of the first kind for the rational space
Pl(a,, a,, ..., a,) is defined by

Jn(2) + 1/f(2) _zt+z”

T, =
) S x=o

Iz| =1. (2.3)

In fact T,(x) is a rational function. More precisely, we conclude that
T,e?(ay,..,a,) (cf. [4, Theorem 1.2]). It is shown [4] that these
Chebyshev polynomials preserve almost all the elementary properties of the
classical Chebyshev polynomials.

LEMMA 2.1. Let the nonreal elements in {ap}}_, <C\[—1,1] be
paired by complex conjugation, and let T, be the Chebyshev polynomial of
the first kind associated with ?(a,, ..., a,). Then the best approximation to
1 from 2,_,(a,, a,, ..., a,) is

p=1-T,/A,. (2.4)
Moreover, we have
HI_PH[—1,1]=1/|A0|» (2.5)
where A, is the constant term in T,:
1)y
Ao:z( 2) <(c1---c,,)1+cl---c,,>. (2.6)

Proof. Clearly, there exists some re %#,_4(a,, ..., a,) such that
T,(x):=Ay+r(x).
Then we conclude that

Ay= lim T,(x),

X — o0

furthermore, by the construction of 7,, it is easy to show (2.6) (cf.
[4, Proposition 4.1]). The conclusions of (2.4) and (2.5) can be proved by
the same fashion as Lemma 2.2, that is by the counting zeros’ argument.
We omit it. ||
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Let ae R\[ —1, 1] such that a¢ {a,}7_,, then we define the constant
¢ such that

!
=—

a le| < 1. (2.7)

Let 7,,, be the Chebyshev polynomial of the first kind with respect to
2,.4(ay, ..., a,,a). Lemma 2.2 gives the best approximation to 1/x —a from
%(al’ () an)'

LEMMA 2.3. Let the nonreal elements in {ap}7_, =C\[—1,1] be
paired by complex conjugation. Then, for ac R\[ —1, 1] and a¢ {a,}%_,,
the best approximation to 1/x —a from #(ay, ..,a,) on [ —1,1] is

1 _Tn+l(x)

= 2.8
E— B, (2.8)
and
1 1
—q(x) = , (29)
X—da [—1,1] |B,s1l
where
c—c N2 " 1—cc,
B = — L 2.10
n+1 < 2 > ]1;[1 C—Cj ( )

Proof. We prove it by the counting zeros’ argument. Since ae R\
[—1,1] and a¢{a,}s_,, we then can construct the Chebyshev polyno-
mial of the first kind T, , for 2, ,(a,, ..., a,, @) and it can be expressed as

B

n+1

T, 1(x):=s(x)+ )
xX—a

where re #(a,, ..., a,). Since

B, =1lim(x—a) T, (x),

X —a

then it is easy to show (2.10) by a simple calculation. Moreover, ¢(x)=
—5(x)/B, +1. Note that (cf. [4, Theorem 1.2]) |T,,,[;_1,17=1, we have

1
X—a

1
[—1,1] |Bn+l|.

—q(x) (2.11)
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If there exists some ¢t € %,(a,, ..., a,) such that

1
xX—a

1
[—1,1] 1B, 11

—1(x)

(2.12)

recall that (cf. [4, Theorem 1.2]) there exist n+2 nodes: —1l=y,.1<

V< -+ <y <yo=lsuchthat T, (y)=(—1), .. n,n+ 1. Hence,
T 1
il (i) )= g e A )
Bn+l X—a

changes sign between any two consecutive extreme points of 7, .
Furthermore, ¢t — ¢ has at least n+ 1 zeros in (—1, 1) and consequently, it
must vanish identically. This contradicts (2.12). ||

Proof of Theorem 1.1. We first prove only if part. Note that |¢,| <1
(k=1,2,..) and by (2.6) we then have

21_[12 1|Ck| -
= <2 T7 lexl
|Aol  1+TT7_; ekl H «

" 1
1;[ lex| < A

If {#,_\(ay,..,a,)} are dense in C[ —1, 1], then by Lemma 2.1 we have
1/|4, | — 0(n— o), that is, 17, |cx| =0, this is equivalent to (1.4).
Next we prove if part. By (2.10) we have

=)0
|Bn+1| C_C_l i

j=1

C—Cj

(n—> o0).
I —cc;

Recall that [T, (¢ —¢;)/(1 —cc;) is an infinite Blaschke product. Then by
[6, Theorem 1, p. 281] or [5, Theorem 15.23, p. 311] we conclude that
(1.4) implies

ﬁ c—

j=1

l—cc

consequently, combining (2.9) we see that 1/(x —a) can be uniformly
approximated in {Z(ay, .., a,)} on [—1,1] for ae R\[ -1, 1]. Also, if
(1.4) holds, then from the proof of only if part and Lemma 2.1, we see that
any constant can be uniformly approximated in {%,_,(a,, .., a,)}. Note
that every function Re #(a,, ..., a,) can be written in the form

R(x)=b,+ Ry(x), b,eR, Rye?,_4(ay, ..., a,),



202 G. MIN

and 2,_,(a,,..,a,) =Py_i(a,,..,ay) for n<N. Thus, (1.4) implies that
1/(x —a) can be uniformly approximated in {#,_,(ay, .., a,)} on [ —1,1].
Note that ae R\[ —1, 1] is an arbitrary number, so we can take a to be
any of a sequence of distinct number such that they satisfy the condition
(1.4), that mean 1/(x —a) can be taken as any of a dense sequence of
distinct basis functions. Therefore, if part follows. |
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